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1. Introduction
In his lost notebook [13, p. 40], Ramanujan offered without proof a beautiful q-series identity now known as Ramanujan’s
reciprocity theorem.
Theorem 1.1. Let a,b = 0 be any complex numbers other than of the form −q−n for positive integers n. Then
ρ(a,b) − ρ(b,a) =
(
1
b
− 1
a
)
(q,aq/b,bq/a;q)∞
(−aq,−bq;q)∞ , (1.1)
where
ρ(a,b) =
(
1+ 1
b
) ∞∑
k=0
(−1)kqk(k+1)/2
(−aq;q)k
(
a
b
)k
. (1.2)
Ramanujan’s reciprocity theorem has been proved to be very useful to partial theta function identities. For further de-
tails on this subject, the reader can refer the forthcoming second volume of Ramanujan’s lost notebook [3] by Andrews
and Berndt. It has been an active topic, in the past years, to ﬁnd possibly short and easy proofs for Theorem 1.1. Up to
now, various approaches have been found by many mathematicians. For the purpose of this paper, we only recall a few
remarkable results. As is known to us, Andrews [2, Theorem 1] gave the ﬁrst proof of Theorem 1.1, whereas it seems
a bit complicated, by setting a four-variable generalization of Theorem 1.1 [2, Theorem 6]. In 2003, Liu [11, Theorem 6]
proved the four-variable generalization of Andrews by using a q-exponential operator identity. During the last two years,
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2φ1 series. Among other results in [5], Berndt et al. presented yet another simpler analytic proof and an elegant combina-
torial proof. In a very recent paper [9], Kang derived Andrews’ four-variable generalization from Sears’ three-term relation
between 3φ2-series [8, III.33], which had been claimed as a long-waited proof proposed by Andrews and Agarwal.
We now record the four-variable generalization of Theorem 1.1 following Kang for further discussions.
Theorem 1.2. (Cf. [9, Theorem 1.2].) Let a,b, c/x,d/x (x = aq,bq) be any complex numbers other than of the form −q−n for positive
integers n, |d| <min{|a|, |b|}. Then there holds
ρ(a,b; c,d) − ρ(b,a; c,d) =
(
1
b
− 1
a
)
(q,aq/b,bq/a, c,d, cd/(ab);q)∞
(−aq,−bq,−c/a,−d/a,−c/b,−d/b;q)∞ , (1.3)
where
ρ(a,b; c,d) =
(
1+ 1
b
) ∞∑
k=0
(c,−aq/d;q)k
(−aq;q)k(−c/b;q)k+1
(
−d
b
)k
(1.4)
=
(
1+ 1
b
) ∞∑
k=0
q(
k+1
2 )
(1+ cdq2k/b)(c,d, cd/(ab);q)k
(−aq;q)k(−c/b,−d/b;q)k+1
(
−a
b
)k
. (1.5)
Regarding the connections of this four-variable reciprocity theorem with some well-known q-series identities such as
Jacobi’s triple product identity and Watson’s quintuple product identity, the reader can consult [6,9]. Here, we only point out
that identity (1.4) given by Kang is equivalent to the four-variable generalization of Theorem 1.1 of Andrews [2, Theorem 6].
This fact is stated clearly by (4.10) of [9]. One of the most important results of Kang, in author’s point of view, is that she
established the new expression (1.5) for the function ρ(a,b; c,d).
Inspired by the argument of Kang, the author [12] extended the four-variable generalization of Kang (i.e., Andrews) by
utilizing Bailey’s bilateral 6ψ6 summation formula to the following ﬁve-variable form.
Theorem 1.3. (Cf. [12, Theorem 1.3].) Let a,b, c/x,d/x, e/x (x = aq,bq) be any complex numbers other than of the form −q−n for
positive integers n, 0< |cde| < |abq|. Then there holds
ρ(a,b; c,d, e) − ρ(b,a; c,d, e) = Ξ0(a,b; c,d, e), (1.6)
where
ρ(a,b; c,d, e) =
∞∑
k=0
(
1− aq
2k+1
b
)
(−1/b;q)k+1
(−c/b,−d/b,−e/b;q)k+1
(−aq/c,−aq/d,−aq/e;q)k
(−aq;q)k
(
cde
abq
)k
(1.7)
and, for ε = 0,1,
Ξε(a,b; c,d, e) =
(
1
b
− 1
a
)
(q,aq/b,bq/a, c,d, e, cd/(ab), ce/(ab),de/(abqε);q)∞
(−aq,−bq,−c/a,−c/b,−d/a,−d/b,−e/a,−e/b, cde/(abq);q)∞ . (1.8)
It was not until the paper [12] had been submitted that we realized that such reciprocity relation would hold whenever
a certain type of rψr series is given. In other words, the technique involved in the proof of Theorem 1.3 would be valid for
more general setting.
Along this idea, in the present paper, we shall establish a six-variable generalization of all results mentioned above using
Shukla’s 8ψ8 summation formula. The following is the result:
Theorem 1.4. Let a,b, c/x,d/x, e/x (x = aq,bq) be any complex numbers other than of the form −q−n,n 1, and w/y (y = a,b) be
not of the form −qm, m ∈ Z, |cde| < |abq2|, there holds
ρ(a,b; c,d, e,w) − ρ(b,a; c,d, e,w) = Ξ0(a,b; c,d, e)
×
{
(wq − ab)(w − 1)(cde − abq2) + abw(c − q)(d − q)(e − q)
cde − abq2
}
, (1.9)
where Ξ0(a,b; c,d, e) is given by (1.8) and
ρ(a,b; c,d, e,w) = wb
∞∑
k=0
(
1− aq
2k+1
b
)
(−1/b,−a/w,−wq/b;q)k+1
(−aq,−wq/b,−a/w;q)k
(−aq/c,−aq/d,−aq/e;q)k
(−c/b,−d/b,−e/b;q)k+1
(
cde
abq2
)k
. (1.10)
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some new q-series identities.
A few remarks on notations are necessary. For a ﬁxed complex number q with |q| < 1, a complex number a and an
integer n, the q-shifted factorials (a;q)∞ and (a;q)n are deﬁned by
(a;q)∞ =
∞∏
k=0
(
1− aqk), (a;q)n = (a;q)∞
(aqn;q)∞ . (1.11)
We shall employ the following compact multi-parametric notation
(a1,a2, . . . ,am;q)n = (a1;q)n(a2;q)n · · · (am;q)n;[
a1,a2, . . . ,ar
b1,b2, . . . ,bs
∣∣∣ q]
n
= (a1,a2, . . . ,ar;q)n
(b1,b2, . . . ,bs;q)n .
Following [8], the basic and bilateral hypergeometric series with the base q and the argument z are deﬁned, respectively, by
rφr−1
[
a1, . . . ,ar
b1, . . . ,br−1
;q, z
]
=
∞∑
n=0
(a1, . . . ,ar;q)n
(q,b1, . . . ,br−1;q)n z
n;
rψr
[
a1, . . . ,ar
b1, . . . ,br
;q, z
]
=
∞∑
n=−∞
(a1, . . . ,ar;q)n
(b1, . . . ,br;q)n z
n.
In particular, the compact notation rWr−1(a1;a4, . . . ,ar;q, z) denotes the special case of rφr−1 above, called very-well-poised,
in which all parameters satisfy the relations
qa1 = b1a2 = · · · = br−1ar; a2 = q√a1, a3 = −q√a1.
2. Proof of Theorem 1.4
We ﬁrst recall Shukla’s very-well-poised 8ψ8 summation formula.
Lemma 2.1. (Cf. [14, (4.1)].) Subject to the convergence condition 0< |a2| < |bcde|, it holds
8ψ8
[
q
√
a, −q√a, b, c, d, e qw, aq/w√
a, −√a, aq/b, aq/c, aq/d, aq/e, a/w, w ;q,
a2
bcde
]
= Ω(a;b, c,d, e)
{
1− (1− bc/a)(1− bd/a)(1− be/a)
(1− bw/a)(1− b/w)(1− bcde/a2)
}
(1− w/b)(1− bw/a)
(1− w)(1− w/a) ,
where
Ω(a;b, c,d, e) = (q,aq,q/a,aq/bc,aq/bd,aq/be,aq/cd,aq/ce,aq/de;q)∞
(aq/b,aq/c,aq/d,aq/e,q/b,q/c,q/d,q/e,aq2/(bcde);q)∞ .
Now we are ready to prove Theorem 1.4. The argument is similar with that in the proof of Theorem 1.3 in [12].
Proof. The argument is of pure calculation. First, if we deﬁne, for 0< |cde| < |abq2|, that
ρ0(a,b; c,d, e,w) =
∞∑
k=0
(
1− aq
2k+1
b
)
(−q/b,−aq/w,−wq2/b;q)k
(−aq,−wq/b,−a/w;q)k
(−aq/c,−aq/d,−aq/e;q)k
(−c/b,−d/b,−e/b;q)k+1
(
cde
abq2
)k
, (2.1)
then it is easy to ﬁnd that
ρ0(b,a; c,d, e,w) =
∞∑
k=0
(
1− bq
2k+1
a
)
(−q/a,−bq/w,−wq2/a;q)k(−bq/c,−bq/d,−bq/e;q)k
(−bq,−wq/a,−b/w;q)k(−c/a,−d/a,−e/a;q)k+1
(
cde
abq2
)k
= c1
∞∑
k=0
(
1− bq
2k+1
a
)
(−q/a,−bq/w,−wq2/a;q)k(−b/c,−b/d,−b/e;q)k+1
(−bq,−wq/a,−b/w;q)k(−c/a,−d/a,−e/a;q)k+1
(
cde
abq2
)k
,
where
c1 = 1
(1+ b/c)(1+ b/d)(1+ b/e) .
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ρ0(b,a; c,d, e,w) = c1
−1∑
k=−∞
(
1− bq
−2k−1
a
)
(−q/a,−bq/w,−wq2/a;q)−k−1
(−bq,−wq/a,−b/w;q)−k−1
(−b/c,−b/d,−b/e;q)−k
(−c/a,−d/a,−e/a;q)−k
(
cde
abq2
)−k−1
.
Since, according to (1.11),
(a;q)−n = 1
(q/a;q)n
(
−q
a
)n
q(
n
2),
it holds
ρ0(b,a; c,d, e,w) = c1c2
−1∑
k=−∞
(
1− bq
−2k−1
a
)
(−1/b,−a/w,−wq/b;q)k+1
(−a,−w/b,−a/(wq);q)k+1
(−aq/c,−aq/d,−aq/e;q)k
(−cq/b,−dq/b,−eq/b;q)k
(
cde
ab
)k
= c1c2c3
−1∑
k=−∞
(
1− aq
2k+1
b
)
(−q/b,−aq/w,−wq2/b;q)k
(−aq,−wq/b,−a/w;q)k
(−aq/c,−aq/d,−aq/e;q)k
(−c/b,−d/b,−e/b;q)k+1
(
cde
abq2
)k
,
where c2 = a2b2/(cde) and
c3 = −b(1+ 1/b)(1+ a/w)(1+ wq/b)(1+ c/b)(1+ d/b)(1+ e/b)
aq(1+ a)(1+ w/b)(1+ a/(wq)) .
We therefore have that
−b(1+ a)(w + b)(a + wq)
a(1+ b)(w + a)(b + wq)ρ0(b,a; c,d, e,w)
=
−1∑
k=−∞
(
1− aq
2k+1
b
)
(−q/b,−aq/w,−wq2/b;q)k
(−aq,−wq/b,−a/w;q)k
(−aq/c,−aq/d,−aq/e;q)k
(−c/b,−d/b,−e/b;q)k+1
(
cde
abq2
)k
. (2.2)
Observe that the sum of the right-hand members of (2.1) and (2.2) forms a bilateral q-series. In fact, by adding (2.1) to (2.2),
we obtain that
ρ0(a,b; c,d, e,w) − b(1+ a)(w + b)(a + wq)
a(1+ b)(w + a)(b + wq)ρ0(b,a; c,d, e,w)
= (1− aq/b)
(1+ c/b)(1+ d/b)(1+ e/b) 8
ψ8
×
[
q
√
aq/b, −q√aq/b, −q/b, −aq/c, −aq/d, −aq/e, −aq/w, −wq2/b√
aq/b, −√aq/b, −aq, −cq/b, −dq/b, −eq/b, −wq/b, −a/w ;q, cdeabq2
]
.
Applying Lemma 2.1 to the identity above, we ﬁnd that
ρ0(a,b; c,d, e,w) − b(1+ a)(w + b)(a + wq)
a(1+ b)(w + a)(wq + b)ρ0(b,a; c,d, e,w)
= (q,aq/b,b/a, c,d, e, cd/(ab), ce/(ab),de/(ab);q)∞
(−aq,−b,−c/b,−d/b,−e/b,−c/a,−d/a,−e/a, cde/(abq);q)∞
×
{
1− (1− q/c)(1− q/d)(1− q/e)
(1− 1/w)(1− wq/(ab))(1− abq2/(cde))
}
(wq − ab)(w − 1)
(w + a)(wq + b) .
If we multiply both sides by a(1+ b)(w + a)(b + wq) of the resulting identity, then we arrive at
a(1+ b)(w + a)(b + wq)ρ0(a,b; c,d, e,w) − b(1+ a)(w + b)(a + wq)ρ0(b,a; c,d, e,w)
= (a − b)(q,aq/b,bq/a, c,d, e, cd/(ab), ce/(ab),de/(ab);q)∞
(−aq,−bq,−e/a,−e/b,−c/b,−d/b,−c/a,−d/a, cde/(abq);q)∞
×
{
(wq − ab)(w − 1)(cde − abq2) + abw(c − q)(d − q)(e − q)
cde − abq2
}
. (2.3)
We note that
ρ(a,b; c,d, e,w) = (1+ b)(w + a)(b + wq)
b
ρ0(a,b; c,d, e,w).
Dividing both sides of (2.3) by ab and reformulating the left-hand side of the resulting identity in terms of ρ(a,b; c,d, e,w)
completes the proof of the theorem. 
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c,d, e,w → 0.
From the above argument, we ﬁnd that Theorem 1.4 can be further stated in the following equivalent form.
Theorem 2.1. If we assume all the conditions in Theorem 1.4, then we have
A1(a,b; c,d, e) − A1(b,a; c,d, e) = B
cde − abq2 Ξ0(a,b; c,d, e); (2.4)
A2(a,b; c,d, e) − A2(b,a; c,d, e) = qΞ0(a,b; c,d, e), (2.5)
where B = (−ab − q)(cde − abq2) + ab(c − q)(d − q)(e − q) and
A1(a,b; c,d, e) = (1+ b)
∞∑
k=0
(
1− a
2q4k+2
b2
)
(−q/b,−aq/c,−aq/d,−aq/e;q)k
(−aq;q)k(−c/b,−d/b,−e/b;q)k+1
(
cde
abq2
)k
;
A2(a,b; c,d, e) = q(1+ 1/b)
∞∑
k=0
(
1− aq
2k+1
b
)
(−q/b,−aq/c,−aq/d,−aq/e;q)k
(−aq;q)k(−c/b,−d/b,−e/b;q)k+1
(
cde
abq
)k
.
Proof. Observe ﬁrst that both sides of (1.9) in Theorem 1.4 are polynomials in w of degree 2. If we substitute
ρ(a,b; c,d, e,w) = A2(a,b; c,d, e)w2 + A1(a,b; c,d, e)w + A0(a,b; c,d, e) and Aw2 + Bw + C = (wq − ab)(w − 1)×
(cde − abq2) + abw(c − q)(d − q)(e − q) into Eq. (1.9) and then equate the coeﬃcients of wi (i = 0,1,2) on both sides,
we obtain (2.4) and (2.5) immediately. Note that equating the coeﬃcients of wi , i = 0,2, leads to the same result. 
It is worth noting that (2.5) is no other than the ﬁve-variable generalization (i.e., Theorem 1.3) of Ramanujan’s reciprocity
theorem due to the author [12].
3. Representations of ρ(a,b;c,d, e,w)
In this section, our goal is to look for different representations of ρ(a,b; c,d, e,w). For this, we need the following trans-
formation for 10W9 series, which is a special case of transformation for 2n+6W2n+5 series due to Andrews [4, Theorem 4].
Lemma 3.1. Assume that at least one of the parameters b, c,d is of the form q−m,m 0. Then
10W9
(
a;b, c,d, x1, y1, x2, y2;q, (aq)
3
bcdx1x2 y1 y2
)
=
[
aq, aq/bc, aq/bd, aq/cd
aq/b, aq/c, aq/d, aq/(bcd)
∣∣∣ q]
∞
×
∞∑
i, j=0
(aq/(x2 y2);q) j
(q;q) j
[
b, c, d
bcd/a, aq/x2, aq/y2
∣∣∣ q]
i+ j
qi+ j
× (aq/(x1 y1);q)i
(q;q)i
(x2, y2;q)i
(aq/x1,aq/y1;q)i
(
aq
x2 y2
)i
. (3.1)
We also need Sears’ transformation between two terminating 4φ3 series [8, III.15]. It reads as the following:
Lemma 3.2. For any integers n 0, if def = abcq1−n, then
4φ3
[
q−n, a, b, c
d, e, f
;q,q
]
= an
[
e/a, f /a
e, f
∣∣∣ q]
n
4φ3
[
q−n, a, d/b, d/c
d, aq1−n/e, aq1−n/ f
;q,q
]
. (3.2)
Now, we are in a position to set up a representation of a limiting case of ρ(a,b; c,d, e,w).
Theorem 3.1. Let ρ(a,b; c,d, e,w) be the same as in Theorem 1.4, at least one of the parameters c,−aq/d or −aq/e has the form
q−m for some nonnegative integers m. Then
ρ(a,b; c,d, e,w) = (1+ b)(b + wq)(w + a)
(b + c)(1− de/(abq))
∞∑
k=0
(c,−aq/d,−aq/e;q)kqk
(−aq,−cq/b,abq2/(de);q)k
+ w(1+ b)(b + q)(c + aq)
(c − q)(b + c)(1− de/(abq))
∞∑
k=0
(c/q,−aq/d,−aq/e;q)k (1− qk)qk
(−aq,−cq/b,abq2/(de);q)k . (3.3)
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ρ(a,b; c,d, e,w) = c4 10W9
(
aq/b;−aq/c,−aq/d,−aq/e,−aq/w,−wq2/b,−q/b,q;q, cde
abq2
)
,
where the factor
c4 = (1+ b)(w + a)(1+ wq/b)(1− aq/b)
(1+ c/b)(1+ d/b)(1+ e/b) .
Apply Lemma 3.1 into the 10φ9-series above with the parameter replacements (a,b, c,d) → (aq/b,−aq/c,−aq/d,−aq/e),
(x1, y1) → (−aq/w,−wq2/b), (x2, y2) → (−q/b,q), to obtain
ρ(a,b; c,d, e,w) = c4
[
aq2/b, cd/ab, ce/ab, de/ab
−cq/b, −dq/b, −eq/b, −cde/(a2bq)
∣∣∣ q]
∞
×
{ ∞∑
j=0
[−a, −aq/c, −aq/d, −aq/e
q, −a2bq2/(cde), −aq, aq/b
∣∣∣ q]
j
q j
+ c5
∞∑
j=0
[−a, −aq2/c, −aq2/d, −aq2/e
q, −a2bq3/(cde), −aq2, aq2/b
∣∣∣ q]
j
q j
}
,
where
c5 = a(1− q)(1+ q/b)(1+ aq/c)(1+ aq/d)(1+ aq/e)
(1+ wq/b)(1+ a/w)(1+ a2bq2/(cde))(1+ aq)(1− aq/b) .
For convenience, we reformulate this expression as
ρ(a,b; c,d, e,w) = ∇(a,b; c,d, e,w) + (a,b; c,d, e,w)
by deﬁning respectively
∇(a,b; c,d, e,w) = (1+ 1/b)(b + wq)(w + a)
[
aq/b, cd/ab, ce/ab, de/ab
−c/b, −d/b, −e/b, −cde/(a2bq)
∣∣∣ q]
∞
× 4φ3
[−aq/e, −aq/d, −a, −aq/c
−aq, −a2bq2/(cde), aq/b ;q,q
]
and
(a,b; c,d, e,w) = aw(1− q)(1+ b)(1+ q/b)(1+ aq/c)(1+ aq/d)(1+ aq/e)
(1+ aq)(1+ a2bq2/(cde))
×
[
aq2/b, cd/ab, ce/ab, de/ab
−c/b, −d/b, −e/b, −cde/(a2bq)
∣∣∣ q]
∞
× 4φ3
[−aq2/e, −aq2/d, −a, −aq2/c
−aq2, −a2bq3/(cde), aq2/b ;q,q
]
.
Next, we apply Sears transformation in Lemma 3.2 to the 4φ3 series in ∇(·) and (·) with substitutions −aq/e = q−n and
−aq2/e = q−n , respectively. Then we have
∇(a,b; c,d, e,w) = (1+ b)(b + wq)(w + a)
(b + c)(1− de/(abq)) 4φ3
[−aq/e, −aq/d, q, c
−aq, −cq/b, abq2/(de) ;q,q
]
;
(a,b; c,d, e,w) = cdew(1− q)(1+ b)(1+ q/b)(1+ aq/c)(1+ aq/d)(1+ aq/e)
(1+ aq)(1+ c/b)(1+ cq/b)(abq2 − de)(1− de/(abq))
× 4φ3
[−aq2/e, −aq2/d, q2, c
−aq2, −cq2/b, abq3/(de) ;q,q
]
.
Further reduction of these two 4φ3 series above yields the stated result. 
4. Further discussions on Ramanujan’s reciprocity theorem
In what follows, we shall examine a few interesting applications of the six-variable Ramanujan reciprocity theorem. At
ﬁrst, combining Theorem 3.1 with Theorem 1.4, we easily obtain a reﬁned version of this theorem.
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parameters c,−xq/y (y = d, e; x = a,b) is of the form q−m, m 0, |cde| < |abq|. Then the following hold:
1+ b
b + c
∞∑
k=0
(c,−aq/d,−aq/e;q)k
(−aq,−cq/b,abq2/(de);q)k q
k − 1+ a
a + c
∞∑
k=0
(c,−bq/d,−bq/e;q)k
(−bq,−cq/a,abq2/(de);q)k q
k = Ξ1(a,b; c,d, e); (4.1)
(1+ b)(b + aq)
b + c
∞∑
k=0
(c,−aq/d,−aq/e;q)k
(−aq,−cq/b,abq2/(de);q)k q
k − (1+ a)(a + bq)
a + c
∞∑
k=0
(c,−bq/d,−bq/e;q)k
(−bq,−cq/a,abq2/(de);q)k q
k
+ (1+ b)(b + q)(c + aq)
(c − q)(b + c)
∞∑
k=0
(c/q,−aq/d,−aq/e;q)k
(−aq,−cq/b,abq2/(de);q)k
(
1− qk)qk
− (1+ a)(a + q)(c + bq)
(c − q)(a + c)
∞∑
k=0
(c/q,−bq/d,−bq/e;q)k
(−bq,−cq/a,abq2/(de);q)k
(
1− qk)qk
= B
cde − abq2 Ξ1(a,b; c,d, e). (4.2)
Proof. Observe that both sides of (1.9), after ρ(a,b; c,d, e,w) inserted, are polynomials in w of degree 2. Hence, by equating
the corresponding coeﬃcients, we obtain the desired results immediately. 
We remark here that (4.1) and (4.2) are indeed two nontrivial generalizations of Ramanujan’s reciprocity theorem,
while (4.2) is also a new result. So said because that in Corollary 4.1, if we let c and d tend to zero, then (4.1) and (4.2)
reduce, respectively, to
ϑ(a,b, e) − ϑ(b,a, e) = Ξ1(a,b;0,0, e); (4.3)
ϑ(a/q,b/q, e/q) − ϑ(b/q,a/q, e/q) = q − e
(1+ a)(1+ b)Ξ1(a,b;0,0, e), (4.4)
where the tedious calculation for (4.4) is omitted and
ϑ(a,b, e) =
(
1+ 1
b
) ∞∑
k=0
(−aq/e;q)k
(−aq;q)k
(
− e
b
)k
.
Obviously, equivalent as they are, these two identities are direct consequences of combining Theorem 1.2 with (1.4).
In the previous section, we have evaluated ρ(a,b; c,d, e,w) by the transformation of 10φ9 series due to Andrews. In
fact, under some special cases like w = 0,1,ab/c, we are able to use straightforwardly Watson’s q-analogue of Whipple’s
transformation from 8φ7 to 4φ3 series [8, III.17], which reads
8W7
(
a;b, c, y, z,w;q, a
2q2
bcyzw
)
= (aq,aq/(yz),aq/(yw),aq/(zw);q)∞
(aq/y,aq/z,aq/w,aq/(yzw);q)∞
× 4φ3
[
aq/(bc), y, z, w
aq/b, aq/c, yzw/a
;q,q
]
, (4.5)
to ﬁnd different expressions of ρ(a,b; c,d, e,w). All these expressions in turn yield, as rewarding, other versions of Ramanu-
jan’s reciprocity theorem. As an illustration, let w = 0, e = 0. Then we have the following version of Ramanujan’s reciprocity
theorem which is of particular interest.
Theorem 4.1. Let ρ(a,b; c,d, e,w) be the same as in Theorem 1.4, at least one of parameters c,−aq/d or −aq/e be of the form q−m
for some nonnegative integers m. Then
ρ(a,b; c,d, e,0) = ab(1+ b)
(b + c)(1− de/(abq))
∞∑
k=0
(c,−aq/d,−aq/e;q)kqk
(−aq,−cq/b,abq2/(de);q)k . (4.6)
Proof. As indicated as above, in this case, by making use of Watson’s transformation (4.5) directly, we easily ﬁnd that
ρ(a,b; c,d, e,0) = c6 8W7
(
aq/b;−q/b,−aq/c,−aq/d,−aq/e,q;q, cde
abq
)
= c6c7
∞∑ (c,−aq/d,−aq/e;q)kqk
(−aq,−cq/b,abq2/(de);q)k ,k=0
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c6 = ab(1+ 1/b)(1− aq/b)
(1+ c/b)(1+ d/b)(1+ e/b) , c7 =
(1+ d/b)(1+ e/b)
(1− aq/b)(1− de/(abq)) .
It is clear that
c6c7 = ab(1+ b)
(b + c)(1− de/(abq)) .
So the claimed theorem follows from Theorem 1.4 immediately. 
As it turns out, Theorem 1.4 specialized by this expression contains a few cases of interest. The reader might consult the
paper [12]. Here, for the sake of illustration, we reiterate two of those results. One follows from (4.1) under the speciﬁcations
that aq/d = −q−r,bq/e = −q−s .
Corollary 4.2. Assume the conditions in Theorem 4.1. Then for any integers r, s 0, it holds
1+ b
c + b
r∑
k=0
[
r + s − k
r − k
]
q
(c,aq−s/b;q)k
(−aq,−cq/b;q)k q
(s+1)k − 1+ a
c + a
s∑
k=0
[
r + s − k
s − k
]
q
(c,bq−r/a;q)k
(−bq,−cq/a;q)k q
(r+1)k
=
(
1
b
− 1
a
)
(aq/b;q)r(bq/a;q)s(c;q)1+r+s
(−aq;q)r(−bq;q)s(−c/b;q)r+1(−c/a;q)s+1 , (4.7)
where the q-binomial coeﬃcient
[ n
k
]
q = (q;q)n(q;q)k(q;q)n−k .
Further, set b → ∞, q → 1, a → 0 in (4.7) and replace c by 1/(1− t). Then we obtain immediately a ﬁnite combinatorial
transformation formula.
Example 4.1. For any two integers r, s 0, t = 1,
r∑
k=0
(
r + s − k
s
)(
t
t − 1
)k
= t
r+s+1
(t − 1)r + (1− t)
s∑
k=0
(
r + s − k
r
)
tk, (4.8)
where
( n
k
)
stands for the usual binomial coeﬃcient.
A progress on (4.8) should be mentioned here. In a very recent paper [10], Koornwinder and Schlosser have found at least
six different proofs as well as a multi-variable analogue on this transformation formula. Obviously, (4.7) can be regarded as
its q-analogue.
Lastly, if we set c = q−m , it follows from (4.1) a ﬁnite and interesting q-series transformation.
Corollary 4.3. Let a,b = −1, m be a nonnegative integer. Then
1+ b
1+ bqm
m∑
k=0
(q−m,−aq/d,−aq/e;q)k
(−aq,−q1−m/b,abq2/(de);q)k q
k = 1+ a
1+ aqm
m∑
k=0
(q−m,−bq/d,−bq/e;q)k
(−bq,−q1−m/a,abq2/(de);q)k q
k. (4.9)
Transformation (4.9) may be, surprisingly, considered as an extension of the following symmetric (w.r.t. a and b) Rogers–
Fine function identity [7, (6.31)]:
(1− b)
∞∑
k=0
(aq/d;q)k
(aq;q)k b
k = (1− a)
∞∑
k=0
(bq/d;q)k
(bq;q)k a
k.
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